We say that a topological group G is anti-self-dual if there are no nontrivial continuous homomorphisms from G into the character group G or from G into G. We show that no nontrivial LCA group can be anti-self-dual.
In this note we describe the class of locally compact Abelian (LCA) groups which have no nontrivial continuous homomorphisms into their duals; in symbols, those LCA groups G for which Hom(G, G) = {0} (see [l, 23 .34] for notation). By an "anti-self-dual" topological group we shall mean one for which Hom(G, G) = Hom(G, G) = {o}. From our description we show that no nontrivial LCA group can be anti-self-dual.
A word about notation. We denote by R, Qd, and Fp the additive group of real numbers with the usual topology, the additive group of rational numbers taken discrete, and the group of ¿»-adic numbers (where p is a prime integer), respectively.
For information on the groups Fp see [l, 10.2]. We shall also use the cyclic groups Z(w) of order n and the quasicyclic groups Zipx) as defined, for example, in Lemma 3. Let G be a totally disconnected LCA group. Then statements (1) and (2) below are equivalent:
(1) G is densely divisible and G is reduced.
(2) Hom(G, G)={0}.
Proof. First assume (2) . Then G must be torsion-free, since if G contained a subgroup of the form Z(«), where »^2, then Z(») would be a quotient of G, and so the projection of G onto Z(»), followed by the injection of 2(w) into G, would yield a nontrivial member of Hom(G, G Hence G is totally disconnected.
Finally, we show that G is reduced. Assume not. Then G contains as a subgroup an isomorphic copy of one of the groups (l)-(5) of Lemma 1. Now (1) and (5) are ruled out, since G is totally disconnected, while (3) is ruled out because G is torsion-free. Further, since G is totally disconnected, every element of ô is compact [l, 24.17], and so (2) is ruled out. This leaves only (4). If G had a closed subgroup H topologically isomorphic to Fp, then, by Lemma 2, H would be a direct factor of G. Since Fp is self-dual (see [l, 25.1 ]), this would imply that Hom(G, G)^{0}, a contradiction. We have now ruled out all cases (l)-(5). so that G must be reduced. This proves that (2) implies (1).
Conversely, if (1) holds, let D be a divisible dense subgroup of G. Since G is reduced, it follows that any / in Hom(G, G) must be trivial on D and hence on G, so that (1) implies (2). Q.E.D.
Theorem.
The following two statements are equivalent for any LCA group G:
(1) (a) G is densely divisible, (b) every element of G is compact, (c) the subgroup (G)t of compact elements of G is reduced.
D. L armacost
Proof. Assume (2) . As in the proof of Lemma 3, conditions (a) and (b) of (1) it is also continuous, because u is an open mapping. Now G/C is totally disconnected and densely divisible, and (G/C) =.(G)b is reduced. Hence, by Lemma 3, P=0, whence it follows that/ = 0. Therefore Hom(G, G) ={o},so that (1) implies (2). Q.E.D.
Corollary. Let G be a nontrivial LCA group. Then G is not antiself-dual.
